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An analytical study is performed for condensation heat transfer with quiescent or very slow vapor inside a 
horizontal elliptical tube under the simultaneous effects of the surface tension forces and gravity forces on 
the condensate film. Analytical solutions for both the local condensate film thickness and heat transfer 
coejficient have been expressed in terms of ellipticity e of the cross-section and the reverse Bond numbers. - 
The dimensionless mean heat transfer coejicient-Nu for any ellipticity e and the reverse Bond number have 
also been obtained in this study. The results show that the eflect of surface tension has an influence on the 
local heat transfer coejicient and hydrodynamics characteristics inside an elliptical tube; however, the effect 
upon the mean heat transfer coeficient is nearly insigni$cant. For the special case when e = 0 (circular tube), 
the reduced results coincide with classical Nusselt-type solutions. 
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Introduction 
Condensation heat transfer inside horizontal or inclined 
tubes with low-vapor shear force was first studied by 
Chaddock’ and Chato.’ In recent years, this field has 
been applied in heat pipe, thermosyphon, and waste heat 
recovery, e.g., by Spende13 and Wang and Ma.4 
According to Semenov et al.,5 if the contour of the 
noncircular cross-section is so elongated in the 
gravitational direction that its curvature decreases 
continuously from the upper generatrix to the lower 
generatrix of the tube, the condensing heat transfer is 
enhanced. Besides, from the mathematical point of view, 
a circular tube is one kind of elliptical tube with zero 
ellipticity; a flat plate is another kind of elliptical tube 
with ellipticity equal to one. The condensing heat transfer 
rate on a vertical plate is better than that on a circular 
tube. Hence, a horizontal elliptical tube with vertical 
major axis is expected to possess better heat transfer rate 
than a circular tube. 
Although the analytical solution regarding the mean 
Nusselt number of film condensation inside the circular 
tube can be found in Collier’s book,6 a similar solution 
for a more general elliptical geometry is not yet known. 
Wang and Ma4 analyzed the condensation inside a 
circular tube with the axis inclined to the gravity direc- 
tion. The vertical cross-section of an inclined circular 
tube has an elliptical shape, in which the surface tension 
effect was neglected in their studies. 
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Furthermore, the present governing equations are 
combined partial differential equations subjected to some 
boundary conditions. A solution of high accuracy can be 
obtained by numerical methods. Here, however, insight 
is desired first, and adequate accuracy is attainable from 
the present analytical mode, which is often adopted in 
the Nusselt-type7 analysis. The major aim is to promote 
the easy use of the Nusselt-Rohsenow’-type condensa- 
tion analysis inside genera1 elliptical tubes, including a 
further account of the surface tension effect, by 
developing analytical, explicit, and straightforward 
integrating solutions. 
Analysis 
Consider a horizontal elliptical tube with its major axis 
2a oriented in the direction of gravity, filled with a 
quiescent pure vapor that is at its saturation temperature 
T,,,. The wall temperature T, is uniform and below the 
saturation temperature. Thus, condensation occurs on 
the wall and a continuous film of the liquid runs 
downward over the tube under the actions of the 
component of gravity, which is parallel to the tangent of 
the tube wall, and of the surface tension forces. The 
condensate will eventually collect as a stratified layer of 
liquid in the lower part of the tube and then flow off in 
a kind of open-channel flow, especially at low 
condensation rates or for slow-flowing vapor within 
short tubes, as illustrated in Figure 1. 
The physical model under consideration has the 
curvilinear coordinates (x, y) aligned along the elliptical 
wall surface and its normal direction. Their correspond- 
ing velocity u and v are accordingly assigned. Assume 
0 1994 Butterworth-Heinemann 
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Enlarged view of’ dx 
Figure 1. Schematic and coordinate system. 
the condensate is a laminar, steady-state Bow with 
constant fluid properties; the boundary layer equations 
governed by the basic conservation principles of mass, 
momentum, and energy are 
au au 
-+-=() 
ax ay (1) 
p(u~+v;)= ,u$+(P-p,)gsin4-g (2) 
,CP(.~+v~)=Z$ (3) 
where 4 = (p(x) is the angle between the normal to 
gravity and the tangent to the tube wall at the position 
r, 0). Here, 0 is the angle measured from the tube upper 
generatrix; r is the radial distance from the centroid of 
the ellipse and can be expressed as 
r = a[(1 - e2)/(1 - e2 cos2 Q]“‘” (4) 
where e = J-1 b a is an ellipticity of the ellipse. 
Owing to the very thin film thickness, compared with 
the radius of surface curvature, one may approximately 
express the pressure gradient as 
ap aaR ~=--- 
ax R2ax (5) 
where R, the radius of curvature of the ellipse at the 
position (r, 0) in the vertical plane, can be expressed as 
“=J& I 
1 + e2(e2 - 2) cos’ 0 3/2 
1 - e2 c0s2 e 1 (6) 
In free convection, inertia and convective terms are 
neglected, as is usual in Nusselt-type condensation 
theory. The momentum and energy equations reduce to 
ah Is aR 
p-= -pgsin4+2% 
w 
(7) 
and 
kE=O 
89 
(8) 
It is further assumed that at the interface, no vapor 
shear is considered to exert upon the condensate. Thus, 
the boundary conditions are 
‘.!=O. T= T 
ay ’ sat 
aty=6 
and 
u=O;T=T w aty=O (10) 
Consequently, the momentum and energy equations can 
be solved as follows: 
u = (P - PM2 
P 
[sin4-B0(x)][i--i(i)2] (11) 
T=AT;+T, (12) 
2 
where Be(x) = i0 $ g; Bo = (p - p,) ga2/a, the Bond 
number and AT = l&., - T,. 
With the help of equation (12), the heat flux at the 
liquid-vapor interface is related to the rate of 
condensation by 
(13) 
where big = h,, + 3C, AT/8, latent heat of condensation 
corrected for condensate subcooling by Rohsenow,8 and 
fi is the rate of the condensate mass flow over an elliptical 
perimeter per unit tube length. Utilizing equation (11) 
one obtains the local rate of the condensate mass flow 
per unit tube length as follows: 
ti = p(p - p,) $ [sin 4 - Be(x)] (14) 
To derive the local film thickness 0 at the 
circumferential arc length x (or angle /3) in terms of 4, 
one can substitute equation (14) into equation (13) and 
obtain 
‘(’ yPP”)’ h& g {d3[sin 4 - Be(x)]} = f AT (15) 
It is more convenient at this point to express dx in 
polar coordinates. With reference to Figure I, the 
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differential elliptical arc length can be written as 
dx = 
r de 
cos (q5 - e) 
(16) 
By using the properties of an ellipse it can be shown that 
the tangent at any point is given as 
tan 4 = tan e/(1 - e’) (17) 
Furthermore, with the help of equations (4) and (17) in 
equation (16) and in the pressure gradient term, one can 
obtain the following expressions in terms of e and 4 as 
follows: 
Bo(x)=Bo($)=~(1-lc~~2d)‘sin(2$) (18) 
and 
dx = a[(1 - e2)/J(1 - e2 sin2 4)3] d4 (19) 
In order to compare the condensate film flow 
hydrodynamics and heat transfer characteristics with 
circular tubes, based on the same condensing surface 
area, or same perimeter per unit length of tube, we may 
introduce an equivalent diameter D, as 
D,=2! 
s 
c [(l - e’)/J(l - e2 sin2 4)3] d4 (20) 
7-L0 
and dimensionless treamwise length s as 
s 
$ 
(1 - e2 sin’ I$-“‘~ dc$ 
SE O 
s 
“(1 - e2 sin2 $)-3’2 d+ 
0 
(21) 
Substituting equations (18)--(20) into equation (15), 
and introducing transformation of variable from x to 4, 
one obtains the local film thickness at 4 as follows: 
(1 - e2 sin2 4)“] d4 
where 
(22) 
F(4) = [sin 4 + B0(~)]-“~{2(1 - e”) 
s 
0 
X (sin 4 - &($I)]“~( 1 - e2 sin2 4)) 3’2 d4} ‘I4 
0 
(See Figures 2 and 3.) From equation (22), the local heat 
transfer coefficient can be shown to be 
Nu = !$ = [Ra/Ja]‘14/6* (23) 
where 
Ra = p(p - pV)gPrD2/p2 and Ja = C,AT/h& 
In the procedure to obtain the mean heat transfer 
coefficient, insertion of equation (14) into equation (15) 
gives 
&,3dk _ yp ;;)sl’:3(, _ e’) 
x a[sin 4 - B(4)]“3 
(1 - e2 sin2 +)3J2 @ (24) 
Integration of the above equation from 4 = 0 to 
4 = $1 (the angle forming liquid level, see Figure I) gives 
the condensate production from one side as 
64l~~a~A’~p(p - p,)g 
1 
1’4 
[sin 4 - D($)]1’3 
(1 - e2 sin2 r$)3’2 
314 
d4 (25) 
Noting that the above relation gives only half of the 
condensate mass flow from the tube, one finds that an 
energy balance within the condensate film over an 
elliptical surface from the top (s = 0) to the circum- 
ferential position forming the liquid level (s = si) per unit 
tube length yields 
2ti hip = I;(S171~,)A~ (26) 
Inserting equation (25) into equation (26), one can 
obtain the mean heat transfer coefficient as 
If4 $ [Ra/Ja]“4S,/sl 
e 
(27) 
where, 
is 
@’ 
s, = 
[sin 4 - Bo($)]“3 do, 
o (1 - e2sin2 b)3’2 
3/4 
X 
s 
“(1 - e2 sin2 4)-3’2 d4 
0 
At last. the mean heat transfer coefficient from the 
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Figure 2. Dependence of dimensionless local film thickness on 
ellipticity around periphery of ellipse. 
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tube top to the angle forming the liquid level can then 
be presented as follows: 
1’4[Ra,Ja]1:4S,,sl (28) 
The overall-mean Nusselt number can be ex- 
pressed as 
Nu = s1 Nugl + (1 - sI)Nu,,, (29) 
Note that, according to Chato’s (1960) study in the 
case of a circular tube, %,,, z 0, which is due to a much 
larger film thickness below the liquid level. Similarly, for 
the present cases of elliptical tubes, one may obtain the 
overall-mean Nusselt number by the same manner. If 
_ il I 
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Figure 3a. Effect of surface tension on local film thickness around 
periphery of ellipse. 
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Figure 3(b). Effect of surface tension on local film thickness Figure 4(a). Dependence of local heat transfer coefficient on 
around periphery of ellipse. surface tension around periphery of ellipse. 
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Figure 3(c). Effect of surface tension on local film thickness 
around periphery of ellipse. 
more precise calculation is needed, one must apply the 
formula in convective heat transfer to calculate NuIi,. 
Fortunately, the convective heat transfer coefficient due 
to single-phase laminar flow is much less than the 
condensing heat transfer coefficient due to phase change. 
Hence, it is reasonable to evaluate equation (29) without 
taking into account the contribution from %,,. 
Applications and discussion 
Examples of application 
From Figures 4-6, one can see that the local and 
mean heat transfer coefficient of film condensation inside 
0.8 
I I I I I I I 
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Appl. Math. Modelling, 1994, Vol. 18, June 343 
Laminar film condensation inside a horizontal elliptical tube: J-S. Chiou et al. 
c 0.8 
0.4 - 
0.3 - 
0.2 - 
I I I I I I I 
-7 O4 O O6 O7 Oa O ess' s&r&& letigth;’ s’ 
Figure 4(b). Dependence of local heat transfer coefficient on Figure 5. Dependence of local heat transfer coefficient on 
surface tension around periphery of ellipse. ellipticity around periphery of ellipse. 
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Figure 4(c). Dependence of local heat transfer coefficient on 
surface tension around periphery of ellipse. 
an elliptical tube with its major axis oriented in gravity 
direction is larger than inside a circular tube. Because 
Nu and Nugl are strongly dependent on the values of 
the angle $1, we are interested in the following two 
common cases regarding the angle of the liquid level: 
1 Hydraulic gradient only (Chato’, Chaddock’): For a 
circular tube, Chato concluded that the heat transfer 
coefficient was not particularly sensitive to the angle 
forming the liquid level and suggested a mean value 
of 2x13. Substituting e = 0, 41 = 2x13, s1 = 213 into 
equations (28) and (29), one can obtain the value of 
overall-mean Nusselt number as 
% = 0.557 (Ru/Ju)“~ 
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Figure 6. Dependence of mean heat transfer coefficient on the 
position forming the liquid level. 
2. 
For an elliptical tube, e > 0, the angle forming the 
liquid level may be specified or measured from the 
practical system by the operating conditions. Simi- 
larly, from equations (28) and (29), one may also 
obtain the overall-mean Nusselt number, for example, 
e = 0.9, d1 = 2x13, s1 = 0.8521, 
- 
Nu = 0.7228 (Ra/Ja)“4 
which is larger than that of a circular tube. 
Pressure gradient dominated (Rufer and Kezoisg): The 
alternative and perhaps more common case is when 
there exists a pressure gradient and the condensate at 
the tube outlet fills the elliptical tube cross-section. 
The angle forming the liquid level 41 decreases with 
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the tube length. Thus, for an elliptical tube with the 
particular ellipticity e, in Figure 6,one can see that 
the mean heat transfer coefficient Nu,+, increases with 
the tube length. 
Effect of surface tension 
Generally speaking, as the ellipticity approaches zero 
(circular tube), 6*, Nu, and Nu become less dependent 
on the surface tension effect (or Bo(4)). Owing to the very 
thin film thickness compared with the radius of 
surface curvature, the surface tension term Bo(4) 
automatically vanishes for the case of the circular tube, 
because a circular tube has a uniform surface curvature. 
However, as e increases to a critical value near e = 0.9, 
less than one (vertical plate), the surface tension term 
plays an important role in calculating 6*, q*, Nu, and 
NM. In Figure 6, if one neglects the surface tension 
effect, one will overestimate the mean heat transfer 
coefficient slightly. Next, the dependence of local film 
thickness and Nusselt number on the surface tension 
effect shows significantly around the streamwise length, 
respectively (see dashed lines in Figures 3(a)-4(c). In 
the upper half of the tube the pressure gradient is 
negative (- aP/ax < 0); the effect of surface tension tends 
to retard the drainage of the liquid film and thus keeps 
the film thickness thicker. On the other hand, the 
pressure gradient is positive in the lower half of the tube; 
the surface tension effect will then make the film 
thickness thinner, as shown in Figure 3(a)-3(c). 
Conclusion 
This is the first analytical approach to resolve laminar 
film condensation inside a horizontal elliptical tube. The 
result applies only to the stratified flow pattern inside 
the tube, with a small vapor velocity and negligible 
interfacial shear drag. In actual film condensing, 
however, the formation of waves, ignored here, is usually 
observed as the film Reynolds number becomes large. 
Furthermore, the vapor shear forces at the liquid-vapor 
interface, neglected in this study, may also play an 
important role in the heat transfer process in some cases. 
Two major conclusions are warranted: 
1. 
2. 
The elliptical surface (with major axis of cross-section 
in gravity) performance is above that of the circular 
surface in the process of condensing heat transfer. 
Unlike the Nusselt’ model (in which only the gravity 
drain is considered), the present analysis considers 
both the gravity and surface tension forces. The results 
indicate that the mean heat transfer coefficient is 
nearly unaffected by the surface tension effect, but the 
local heat transfer coefficient and film flow character- 
istics are appreciably influenced. 
Nomenclature 
;: 
semi-major axis of ellipse 
semi-minor axis of ellipse 
Bo the Bond number, a measure of the effect of 
gravity to surface tension forces 
Bo(4) function of the surface tension defined in 
CP 
D, 
e 
9 
h 
it 
h fg 
h;g 
Ja 
k 
+I 
NM 
- 
NM 
- 
N% 
P 
Pr 
r 
R 
Ra 
s 
T sa, 
T, 
U 
V 
X 
equation (18) 
specific heat of condensate at constant pressure 
equivalent diameter of elliptical tube, based on 
the same condensing surface area 
ellipticity of ellipse, e2 = 1 - b2/a2 
acceleration due to gravity 
condensing heat transfer coefficient at angle 4 
mean value of condensing heat transfer coefficient 
latent heat of condensation 
modified latent heat of condensation by 
Rohsenow 
Jakob number = C,ATlh& 
thermal conductivity of condensate 
condensate mass flow rate per unit length of 
elliptical tube 
local Nusslet number = F 
hD, 
mean Nusselt number = k for elliptical tube 
mean Nusselt number up to C$~ 
static pressure of condensate 
Prandtl number 
radial distance from centroid of ellipse to the 
tube wall 
radius of elliptical surface curvature 
Rayleigh number = p(p - p,) gPr D,“/p’ 
dimensionless streamwise length 
saturation temperature of vapor 
wall temperature 
velocity component in x-direction 
velocity component in y-direction 
coordinate measuring distance along circum- 
ference from top of tube 
coordinate normal to the elliptical surface 
thickness of condensate film 
dimensionless thickness of condensate film, 
defined in equation (22) 
angle measured from top of tube 
absolute viscosity of condensate 
density of condensate 
density of vapor 
surface tension coefficient in the film 
the angle between the tangent to tube surface 
and the normal to direction of gravity 
the angle forming the liquid level 
Subscripts 
sat saturation 
W tube wall 
” vapor 
I liquid 
Superscripts 
* indicates dimensionless 
_ indicates averaged 
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